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A graph H is a minor of a graph G if H can be obtained from a subgraph of G
by contracting edges. Let t1 be an integer, and let G be a graph on n vertices
with no minor isomorphic to Kt+1 . Kostochka conjectures that there exists a
constant c=c(t) independent of G such that the complement of G has a minor
isomorphic to Ks , where s=W 12 (1+1t) n&cX . We prove that Kostochka’s conjec-
ture is equivalent to the conjecture of Duchet and Meyniel that every graph with
no minor isomorphic to Kt+1 has an independent set of size at least nt. We deduce
that Kostochka’s conjecture holds for all integers t5, and that a weaker form
with s replaced by s$=W 12 (1+1(2t)) n&cX holds for all integers t1.  2000
Academic Press
1. INTRODUCTION
The following is a well-known conjecture of Hadwiger [2].
(1.1) Conjecture. For every integer t1, if a graph G has no minor
isomorphic to Kt+1 , then it is t-colorable.
All graphs in this note are simple (that is, they have no loops or parallel
edges) and finite. By considering the largest color class Hadwiger’s conjec-
ture implies a conjecture of Duchet and Meyniel [1], the following.
doi:10.1006jctb.1999.1930, available online at http:www.idealibrary.com on
81
0095-895600 35.00
Copyright  2000 by Academic Press
All rights of reproduction in any form reserved.
1 Collaboration supported by a CNRSNSF international cooperation research grant.
2 Supported in part by NSF under Grant DMS-9303761, by ONR under Contract N00014-
93-1-0325, and by ProNEx (MCTFINEP) (Proj. 10797) and FAPESP (Proc. 9714469-6
and Proc. 9604505-2).
(1.2) Conjecture. For every integer t1, if a graph G has no minor
isomorphic to Kt+1 , then it has an independent set of size at least |V(G)|t.
Hadwiger’s conjecture is known to be true for all t5 [6], and is open
for all t6. The same holds for conjecture (1.2). However, Duchet and
Meyniel [1] proved the following.
(1.3) Theorem. For every integer t1, if a graph G has no minor
isomorphic to Kt+1 , then it has an independent set of size at least
|V(G)|(2t).
Theorem (1.3) was generalized by Reed and Seymour [5], who showed
that every graph with no minor isomorphic to Kt+1 has fractional
chromatic number at most 2t. Kostochka [4] made the following conjec-
ture, and proved that it implies (1.2)
(1.4) Conjecture. For every integer t1 there exists a constant c=c(t)
such that if a graph G has no minor isomorphic to Kt+1 , then the comple-
ment of G has a minor isomorphic to Ks , where s=W 12 (1+1t) |V(G)|&cX .
Let us see now that (1.4) implies (1.2). Let an integer t1 be given, let
c and s be as in (1.4) and let H be a graph with no Kt+1 minor. Let k be
an integer such that 1t |V(H)|&2ck>W1t |V(H)|X&1 and let G be the
graph consisting of k disjoint copies of H. By (1.4) applied to G there are
disjoint subsets X1 , X2 , ..., Xs V(G) such that for all indices i, j with
1i< js there are vertices u # Xi and v # Xj that are not adjacent in G.
We may assume that |X1|=|X2 |= } } } =|Xs$ |=1 and |Xi |2 for all
i=s$+1, s$+2, ..., s. But s$+2(s&s$)|V(G)|, and hence s$1t |V(G)|
&2c. Since X1 _ X2 _ } } } _ Xs$ is an independent set in G, we have thus
shown that G has an independent set I of size at least 1t |V(G)|&2c. Now
the intersection of I with some component H0 of G has size at least
1k(1t |V(G)|&2c)>W1t |V(H)|X&1. Thus H0 , and hence H, has an
independent set of size at least 1t |V(H)|, as desired. This completes the
proof that (1.4) implies (1.2).
Stiebitz [7] showed that (1.4) holds for all t3. Our objective is to
show that (1.2) holds for an integer t if and only if (1.4) holds for t. Thus,
since (1.2) holds for all t5, it follows that (1.4) holds for all t5.
Moreover, our proof implies the following weaker version of (1.4).
(1.5) Theorem. For every integer t1 there exists a constant c=c(t)
such that if a graph G has no minor isomorphic to Kt+1 , then the complement
of G has a minor isomorphic to Ks , where s=W 12 (1+1(2t)) |V(G)|&cX .
Kostochka [4] showed that for all =>0 Theorem (1.5) holds with s
replaced by W 12 (1&=+1(2t)) |V(G)|&cX .
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2. PROOF
We will use the following result of Thomason [8], an improvement of a
result of Kostochka [3]. In fact, all we need is that the conclusion holds
for some function of p, which is easy to prove, but (2.1) gives a better
constant.
(2.1) Theorem. Let p be a sufficiently large integer, and let G be a
graph of average degree at least 5.36p - log2 p. Then G has a Kp minor.
Our results follow immediately from (2.1) and the following lemma. If G
is a graph, we denote by G2 the graph with vertex-set V(G) in which two
vertices are adjacent either if they are adjacent in G, or if they have a com-
mon neighbor in G. Our interest in G2 is motivated by the fact that if I is
an independent set in G and M is a matching in the complement of G2"I,
then contracting all the edges in M yields a K |I |+|M| minor in the comple-
ment of G.
(2.2) Lemma. Let d be a sufficiently large integer, let G be a graph on
n vertices with maximum degree at most n(5d 3) and no minor isomorphic to
Kd , and let H be an induced subgraph of the complement of G2 on at least
n2 vertices. Then H has a matching of size at least w 12 ( |V(H)|&d )x .
Proof. Let d, n, G and H be as stated, and suppose for a contradiction
that the matching does not exist. Then by Tutte’s theorem [9] there exists
a set XV(H) such that H"X has at least |X|+d+1 odd components.
Let C1 , C2 , ..., Cp be the vertex-sets of all components of H"X listed so that
|C1||C2 | } } } |Cp |. Then pd+1. Let YC1 _ C2 _ } } } _ Cd con-
tain precisely one element of each Ci (i=1, 2, ..., d ), and let Z= pi=d+1 Ci .
Since p|X|+d+1 we see that |X| |V(H)|2. Clearly |C1|, |C2 |, ..., |Cd |
|Cd+1||Z|; hence
|Z| (d+1) :
d
i=1
|Ci |+ |Z| } .
p
i=1
Ci }=|V(H)|&|X||V(H)|2,
and so
|Z|
1
2(d+1)
|V(H)|
n
4(d+1)
.
Since every vertex of G has degree at most n(5d 3), the set Z has a subset
Z$ of size at least |Z|&n(5d 2) such that G has no edge with one end in
Y and the other in Z$. On the other hand, no vertex of Y is adjacent in H
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to a vertex of Z$, and hence every y # Y and every z # Z$ have a common
neighbor in G. Let pyz denote one such common neighbor. We have
|Z$||Z|&
n
5d 2

n
4(d+1)
&
n
5d 2

n
5d
,
because d is sufficiently large. We claim that Z$ has a subset Z" of size d
such that pyz{ py$z$ for all y, y$ # Y and all distinct vertices z, z$ # Z".
Indeed, let Z1=Z$, let z1 # Z1 be arbitrary, and assume that for some
k=1, 2, ..., d&1 we have already constructed distinct vertices z1 , z2 , ..., zk
and sets Z1 , Z2 , ..., Zk such that |Zk |n(d&k+1)(5d 2) and for all y # Y
and all i=1, 2, ..., k&1, no neighbor of pyzi in G belongs to Zk . We let
Zk+1 be the set obtained from Zk by deleting, for all y # Y, all the
neighbors of pyzk in G (at most n(5d
2) vertices altogether), and we pick
zk+1 # Zk+1 arbitrarily. It follows that Z"=[z1 , z2 , ..., zd] is as desired.
By contracting the edges with ends z and pyz for all y # Y and all z # Z"
we deduce that G has a minor isomorphic to Kd, d , and hence it has a
minor isomorphic to Kd , contrary to hypothesis. K
(2.3) Lemma. Let p be a sufficiently large integer, let $=5.36p - log2 p,
let :, n2 be integers with n36$4 and n2:+6$4, and let G be a graph
on n vertices with an independent set of size : and no minor isomorphic to
Kp . Then the complement of G has a minor isomorphic to Ks , where s=
W 12 (n+:)&4953p
4 log22 pX .
Proof. By (2.1) the graph G has average degree less than $. Let D be
the set of all vertices of G of degree at least n(6$3); then |D|6$4. Let I
be an independent set in G of size :, and let H be the complement of
(G"D)2. By (2.2) applied to W$X, G"D and H"I we deduce that H"I has
a matching M of size at least w 12 (n&|D _ I |&W$X)x . Let K be the sub-
graph of H induced by I&D and vertices incident with edges in M; by con-
tracting every edge of K that belongs to M we get a minor of H (and hence
a minor of the complement of G) isomorphic to Ks , as desired. K
From (2.3) we deduce that (1.2) implies (1.4), and from (1.3) and (2.3)
we deduce that (1.5) holds.
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